Abstract. The current vacuum energy density observed as dark energy ρ dark 2.5 × 10 −47 GeV 4 is unacceptably small compared with any other scales. Therefore, we encounter serious fine-tuning problem and theoretical difficulty to derive the dark energy. However, the theoretically attractive scenario has been proposed and discussed in literature: In terms of the renormalization-group (RG) running of the cosmological constant, the vacuum energy density can be expressed as ρ vacuum m 2 H 2 where m is the mass of the scalar field and rather dynamical in curved spacetime. However, there has been no rigorous proof to derive this expression and there are some criticisms about the physical interpretation of the RG running cosmological constant. In the present paper, we revisit the RG running effects of the cosmological constant and investigate the renormalized vacuum energy density in curved spacetime. We demonstrate that the vacuum energy density described by ρ vacuum m 2 H 2 appears as quantum effects of the curved background rather than the running effects of cosmological constant. Comparing to cosmological observational data, we obtain an upper bound on the mass of the scalar fields to be smaller than the Planck mass, m M Pl .
Introduction
From the modern perspective of standard quantum field theory (QFT), the cosmological constant (CC) term in Einstein's equations can be interpreted as a quantum vacuum energy density. As well-known facts, however, there is an unacceptably huge discrepancy between the theoretical prediction of standard QFT and the observed dark energy obtained from current cosmological data [1] [2] [3] [4] [5] . This is known as the cosmological constant problem or the dark energy problem, which is recognized as one of the most profound and notorious puzzles in theoretical physics [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Despite enormous theoretical efforts, unfortunately there has been no satisfactory scenario to solve the problem about the desperate fine-tuning of the vacuum energy density in any realistic ways and derive the dark energy scale, ρ dark 2.5 × 10 −47 GeV 4 , which is far from the energy scales of the electroweak theory, the grand unified theory (GUT) and the Planck scale physics.
In the framework of the standard model (SM), we can write down the vacuum energy density as follows: and ρ QCD ∼ 10 −2 GeV 4 are the classical vacuum energies of the electroweak symmetry breaking and the chiral symmetry breaking, respectively. The logarithm terms describe the quantum corrections of the vacuum energy density where n i and m i express the number of degrees of freedom and the mass of the SM particle i, respectively. µ is the renormalization scale. ρ UV expresses a possible vacuum energy density expected in ultraviolet (UV) theories. However, the current physical value of the vacuum energy density observed as the dark energy, ρ dark 2.5 × 10 −47 GeV 4 is unacceptably and extremely smaller than the theoretical predictions of those vacuum energy densities. Therefore, we encounter the serious fine-tuning of the vacuum energy and the theoretical difficulty to derive such an extremely small dark energy scale.
On the other hand, there are some cosmological numerology from a theoretical speculation related with the observed dark energy. The dark energy scale coincides with the following relation between the present Hubble parameter and the Planck scale,
where H 0 ∼ 10 −42 GeV and the Planck scale is adopted to be M Pl ∼ 10 19 GeV. This numerology may suggest that the current vacuum energy can closely relate with the current energy scale of the expanding Universe, i.e., the Hubble scale H 0 and the Planck-scale physics. Therefore, there is worth considering whether the currentlyexpanding cosmological background could affect the vacuum energy density through quantum effects.
Theoretically, the dynamical vacuum energy density depends on the cosmological background, i.e values of the Hubble scale H, which has been indicated in the context of the running vacuum energy scenario. The scenario is formulated in terms of the renormalization-group (RG) running cosmological constant [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , which actually depends on the renormalization scale 1 , and the physical vacuum energy density can run on the cosmological scale as follows,
where a i , b i are dimensionless parameters and M i expresses the mass of the massive field i defined by the UV theory. The above equation describes the energy dependence of the dynamical cosmological constant ρ Λ if we take the renormalization scale to be µ = H (t) with the Hubble parameter H (t). Although this mechanism seems to realize the cosmological numerology with the Planckian massive fields M i M Pl at present, that does not mean that we could solve the dark energy problem. Still we must put an extra constant term or linear terms in the above equation by hand [31] because ρ Λ scales as ∝ H 2 and is time-dependent. However it is important that the running vacuum energy can surely contribute to the energy density even subdominantly 2 .
1 In a low-energy scale (µ m), the one-loop β-function of the cosmological constant β ρΛ , which includes decoupling effects, is expressed to be [28] 
Theoretically, physical meanings of the RG running cosmological constant in the context of QFT are unclear, and in addition there are some criticisms about the physical interpretation (for the details, see e.g. Refs. [18] [19] [20] [21] [43] [44] [45] [46] ). For instance, the effective potential is formally scale-invariant under renormalization group. Therefore, the minimum of the effective potential, i.e, the renormalized vacuum energy density does not depend on the renormalization scale µ. However, the renormalization-scale invariance of the effective potential merely comes form a theoretical definition of the problem, and therefore, we can expect that the RG running effects of the cosmological constant can contribute physically to the Universe in the same way as the running of the gauge coupling constants in QED and in QCD [47] . However, even if the vacuum energy actually run with the cosmological energy-scale, there still remain some other issues, e.g, why we can take the current Hubble scale H 0 as a scale of the running µ instead of any other physical scales. It is still unclear whether the running vacuum energy appears in the current Universe under the context of the renormalization group.
Therefore, in this paper we revisit the RG running effects of the cosmological constant and investigate carefully vacuum contributions of massive quantum fields by considering the renormalized vacuum energy density on the cosmological background. By adopting methods discussed in Bunch, Birrell and Davies [48] [49] [50] , we demonstrate that the vacuum energy density of ρ vacuum m 2 H 2 appear as quantum particle production effects of the curved background rather than the RG running of the cosmological constant 3 and corresponds to the vacuum field fluctuations δφ 2 growing in proportion to the Hubble scale H. In the matter dominated Universe, we can obtain the renormalized vacuum energy density as follows:
2 Renormalized vacuum energy density and RG running cosmological constant
In this section, we discuss a relation of the renormalized vacuum energy density and the RG running cosmological constant. As an important nature, the renormalized vacuum energy density and the renormalized effective potential never depend on the renormalization scale in the framework of QFT. The physical meanings of the running cosmological constant is hidden by the definition of the renormalization. However, it does not mean that the vacuum energy does not depend on the cosmological background energy scale. Following the comprehensive discussion of Ref. [18] [19] [20] [21] , we review some conceptual difficulties of the renormalized vacuum energy density. First of all, let us briefly discuss the gravitational action in the general relativity. The Einstein-Hilbert action is the well-know and simplest action that yields Einstein's equations, but, more complicated action involving higher order derivatives is possible and required to the renormalization on the curved spacetime. The total gravitational action can be defined by 1) where G N is the Newton's gravitational constant and Λ is the bare cosmological constant. The first action express the standard Einstein-Hilbert action with the cosmological constant Λ, S HG is the high-order derivative gravitational action and S matter is the matter action. The high-order gravitational action S HG , which is required to have a renormalizable theory in curved spacetime, can be written by
where a 1 , a 2 , a 3 , a 4 are high-order derivative gravitational couplings,
is the square of the Weyl tensor and E = R µνρσ R µνρσ − 4R µν R µν + R 2 is the Gauss-Bonnet term. The principle of least action with respect to these gravitational actions yields general Einstein's equations as follows [59] 
where ρ Λ = Λ/8πG N is defined by the cosmological constant,
Rg µν is the Einstein tensor, H (1) µν , H (2) µν or H µν are tensors including the high-order derivative terms R 2 , R µν R µν or R µνρσ R µνρσ , and T µν is the energy momentum tensor, which is defined by
The higher derivative terms (H
µν , H
µν and H µν ) express short distance effects and do not contribute to Einstein's equations at long distances or weak gravitational fields. Therefore, standard Einstein's equations with the cosmological constant Λ, which describes the gravitational dynamics of the cosmological scale, is formally given by
where R µν is the Riemann tensor, R is the Ricci scalar, g µν is the metric of spacetime. For simplicity, we assume the following matter action with the scalar field φ as
where L φ is the matter Lagrangian for the classical scalar field φ and therefore, the scalar potential V (φ) is the classical potential. The energy-momentum tensor derived from this matter action S matter can be written as follows
Here, we rewrite standard Einstein's equations by transposing the cosmological constant term Λ into the energy momentum tensor T µν as
Here, we divide the energy momentum tensor into the vacuum part and the matter part in the context of QFT as follows:
where T Λ µν expresses the ground value of the energy-momentum tensor T Λ µν and corresponds to the vacuum energy density ρ vacuum . The vacuum energy density ρ vacuum originates from the cosmological constant ρ Λ of Einstein's equations, and the classical vacuum energy via the spontaneous symmetry breaking (SSB) or the quantum corrections of vacuum field fluctuations. Although there are several sources of the vacuum energy density ρ vacuum , the quantum corrections of the massive fields would bring most of the large contribution to the vacuum energy density.
Formally, the quantum corrections of the vacuum energy density are consistent with the quantum zero-point energy density and given as the following equation 11) where the zero-point vacuum energy is formally infinite and needs the renormalization in order to obtain the physical finite result. The divergences of the zero-point vacuum energy are usually neglected by the normal ordering of the operators or removed by the bare cosmological constant as we will see later. If we adopt the dimensional regularization, the divergences of the zero-point vacuum energy are regularized as the following equation 14) where µ is the subtraction scale of dimensional regularization, is the regularization parameter and γ is the Euler's constant. In the standard QFT, the divergence terms are absorbed by the bare cosmological constant term ρ Λ of the Einstein-Hilbert action. We split the bare term ρ Λ as ρ Λ = ρ Λ (µ) + δρ Λ where the counterterm δρ Λ depends on the regularization and renormalization scheme. The counterterm in MS scheme is given by
By absorbing the divergence terms into the counterterm δρ Λ , we can obtain the renormalized zero-point energy density as follows
where we obtain the finite expression without UV divergences. Thus, the renormalized vacuum energy density at one-loop order is given by 17) where the interpretation of the renormalization-scale µ raises some problems. The renormalization scale µ, which is introduced in the dimensional regularization, should be exchanged for some physical quantity, e.g. the energy of scattering of particles, the size of the finite system, the VEV of the scalar field or the temperature of the system. In cosmological situations, it is reasonable to take the current Hubble scale H 0 as the renormalization-scale µ against the observed dark energy as ρ vacuum (µ H 0 ) ρ dark . However, there is no rigid reason that to take the current Hubble scale H 0 as
where quartic or quadratic divergences in this expression are unphysical and removed by the renormalization. When the cut-off Λ UV corresponds to the Planck scale M Pl , the first term expresses the fact that the vacuum energy density ρ vacuum has to be fine-tuned to 123 orders of magnitude in order to accommodate the observed dark energy.
the renormalization-scale µ instead of the current temperature T 0 or the electroweak breaking scale M EW . The physical interpretation of the renormalization-scale µ is still unclear in the renormalized vacuum energy density. From the standard procedure of QFT, we require the cancellation of µ-dependence for the renormalized vacuum energy density as
Thus, we can estimate the one-loop β-function of the cosmological constant as follows
which governs the renormalization-group running of the cosmological constant. The physical renormalized vacuum energy density dressed in quantum fluctuations is only determined by the experimental observation at the energy scale 5 . Although the cosmological constant run under the renormalization-group, formally, the renormalized vacuum energy does not run with the renormalization-scale µ. The renormalization-scale independence of the observable quantities is the main feature of the renormalization group. However, why the running of the cosmological constant doesn't seem to provide physical contributions in contrast to the running of the gauge coupling. Unfortunately, we can not say anything from the renormalized vacuum energy density of Eq. (2.17). For these issues we discuss more specifically in Section 4.
In the dynamical background, e.g, the curved background or the vacuum condensate background, however, the vacuum energy density grows in proportion to the background energy scale as
, and therefore, the renormalization scale µ of the renormalized vacuum energy density would correspond to the physical energy scale rather than the arbitrary parameter. Thus, we can estimate the physical vacuum energy from the RG running of the cosmological constant if we take the renormalization-scale µ as the energy-scale of the dynamical background. Here, we 5 The fine-tuning problem of the renormalized vacuum energy density still remains as
where we assume the renormalization-scale as µ m. The finite naturalness is somewhat alleviated in comparison with the naive cut-off Λ UV . However, if we consider the Planck scale or GUT scale massive fields, the renormalized vacuum energy density ρ vacuum suffers from the fine-tuning of 123 orders, and therefore, the situation does not improve. However, when we consider the low-energy scale as µ m, the fine-tuning of the renormalized vacuum energy density is well alleviated as the following
where the decoupling effects suppress the quantum corrections. If we set µ H 0 , there is no need to fine-tune the renormalized vacuum energy density ρ vacuum unless trans-Planckian massive fields as m 2 M Pl exist. However, there is no rigid reason that to assume the current Hubble scale H 0 as the renormalization-scale µ. Furthermore, the current status of the LHC experiments has aggravated the Higgs naturalness as the fine-tuning of the vacuum energy (see e.g. Ref. [60] [61] [62] [63] for the details).
rewrite the renormalized vacuum energy density of Eq. (2.17)
where the mass m or the cosmological constant ρ Λ are only determined by µ. However, in the low-energy scale µ m, the above expression is not correct due to the decoupling effects. The correct expression including the decoupling effects is written by
By taking the renormalization scale as µ H, we can obtain the dynamical vacuum energy in the cosmological background as follows
However, the above discussion is not rigorous proof of the running vacuum energy in the curved background. From the viewpoint of the QFT in curved spacetime, rigidly, we must calculate the renormalized vacuum energy density by using some technical renormalization methods. Therefore, let us consider the renormalized vacuum energy density on curved background in the next section.
Renormalized vacuum field fluctuations and renormalized vacuum energy density in curved background
In previous section, we have discussed the ambiguity of the renormalized vacuum energy density and the running cosmological constant. Although the running effects of the cosmological constant indicate the dynamical vacuum energy on the cosmological background, we do not obtain a strict proof of the dynamical vacuum energy. Thus, in this section, let us consider the renormalized vacuum field fluctuations and the renormalized vacuum energy density in the framework of the QFT in curved spacetime. For simplicity, we consider the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric as g µν = diag −1, a 2 (t) , a 2 (t) r 2 , a 2 (t) r 2 sin 2 θ for the spatially flat Universe. Therefore, the Ricci scalar can be written as follows
where the conformal time η is defined by dη = dt/a. In the matter dominated Universe, the scale factor becomes a (t) = t 2/3 and the Ricci scalar is estimated to be R = 3H 2 . On the other hand, in the de Sitter Universe, the scale factor becomes a (t) = e Ht or a (η) = −1/Hη, the Ricci scalar is estimated to be R = 12H
2 . Then, we assume the matter action for the scalar field φ in curved spacetime as
2)
The Klein-Gordon equation is given as the following
where express the generally covariant d'Alembertian operator,
and ξ is the non-minimal curvature coupling constant. Then, we decompose the scalar field φ (η, x) into the classic field and the quantum field as
where we assume the vacuum expectation value of the scalar field is φ (η) = 0| φ (η, x) |0 and 0| δφ (η, x) |0 = 0. In the one-loop approximation, we obtain the Klein-Gordon equation as the following
The quantum field δφ is decomposed into each k modes as the following,
where we assume
with C (η) = a 2 (η). Thus, the expectation field value δφ 2 can be given by
where δφ 2 has quadratic or logarithmic ultraviolet divergences and needs to be regularized. From Eq. (3.6), the Klein-Gordon equation for the quantum field δχ can be given by
where 12) which ensures the canonical commutation relations for the field operator δχ as follows
14)
The adiabatic vacuum |0 is defined as the vacuum state which is annihilated by all the operators a k and set δχ k (η) to be a positive-frequency mode. The adiabatic (WKB) approximation to the mode function δχ k (η) is written by
with
We can obtain the WKB solution by solving iteratively Eq. (3.16) and the lowest-order WKB solution W 0 k is written by
The first-order WKB solution W 1 k is written by
For the high-order WKB solution, we can obtain the following expression 19) where D = C /C. The vacuum expectation value δφ 2 of the lowest-order WKB solution has clearly divergences as
However, the high-order corrections do not have such divergences and UV finite (see e.g. Ref. [64] for the details). The adiabatic regularization is not just a mathematical method of regularizing divergent integrals as cut-off regularization or dimensional regularization. The divergences of the original expression δφ 2 , which come from the large k modes, are the same as the divergences of the lowest-order WKB solution δφ 2 div
. Thus, by subtracting the lowest-order WKB solution δφ 2 div from the original expression δφ 2 , we can obtain the finite vacuum field fluctuation as follows: 22) where the renormalized vacuum filed fluctuations include the dynamical particle production effects in curved spacetime. The adiabatic regularization [49, 50, [65] [66] [67] [68] [69] [70] [71] ] is the extremely powerful method to remove the ultraviolet divergences of the vacuum field fluctuations or the vacuum energy density, and has been shown to be equivalent to the point-splitting regularization in Ref. [49, 68] . For simplicity, we consider the vacuum field fluctuations in the massive conformally coupled case (m H and ξ = 1/6). In this case, the adiabatic (WKB) conditions (Ω 
Therefore, we obtain the following expression
The renormalized vacuum field fluctuations from Eq. (3.22) can be given as follows:
Therefore, we can obtain the following expression
(3.29) By using the UV cut-off Λ UV , we can simply estimate the dominated terms of the renormalized vacuum field fluctuation as follows:
(3.30)
Therefore, we have the renormalized vacuum field fluctuations in the massive conformal coupling case as follows:
In the matter dominated Universe, the Ricci scalar becomes R = 3H 2 and the renormalized vacuum field fluctuations are δφ 2 ren
On the other hand, in the de Sitter Universe, the Ricci scalar is estimated to be R = 12H
2 and the renormalized vacuum field fluctuations become δφ via the adiabatic regularization can be summarized as follows [72] 
Next, we discuss the renormalized vacuum fluctuation by using the point-splitting regularization, which is the method of regularizing divergences as the point separation of x and x in the two-point function [48, 73, 74] and we simply show that the result of the point-splitting regularization is equivalent to the adiabatic regularization. By using the point-splitting regularization, the renormalized vacuum fluctuation δφ 2 ren in the de Sitter spacetime can be given as follows [74] 
where ν = 9/4 − m 2 H 2 and ψ (z) = Γ (z) / Γ (z) is the digamma function. In the massless limit m → 0, we can obtain the well-know expression as the following and then the effective scalar potential V eff (φ) can be written as follows
Therefore, the vacuum field fluctuation can generate the dynamical vacuum energy as
For the massive field case or the small Hubble scale m H, we can obtain the dynamical vacuum energy predicted by the running vacuum energy scenario as the follows:
If there are super-Planckian massive fields as m M Pl , the dynamical vacuum energy exceeds the current dark energy as ρ dark 2.5 × 10 −47 GeV 4 and is inconsistent with the cosmological observation. In the above discussion, we simply show that the curved background can generate the dynamical vacuum energy density as ρ vacuum m 2 H 2 . However, formally, we must consider the vacuum energy density in terms of the energy momentum tensor in curved spacetime. Following the literature [48] [49] [50] [73] [74] [75] , let us consider the renormalized energy momentum tensor in curved spacetime 7 . The energy 6 The digamma function ψ (z) for z 1 can be approximated as follows [48] Re ψ 3 2 + iz = log z + 11
For the massive case m H, the logarithm terms can be approximately given as momentum tensor can be given as follows [50] 
where the diagonal and non-vanishing components are T 00 and T 11 = T 22 = T 33 , which are the spatial components. For the sake of convenience, we introduce the trace of the energy momentum tensor T α α to satisfy the relation T ii = 1/3 (T 00 − a 2 T α α ). Thus, the vacuum expectation values T µν of the energy momentum tensor for the mode function δχ k (η) can be given by
where the energy momentum tensor express the energy density as ρ = T 00 /C and the pressure as p = T ii /C. As previously discussed in the vacuum field fluctuations, we use the adiabatic (WKB) approximation to the mode δχ k (η), and therefore, the vacuum expectation values T µν of the energy momentum tensor can be given by the adiabatic approximation [50] T 00 = 1
To renormalize the energy momentum tensor of quantum fields in curved spacetime, we must consider at least the forth-order adiabatic approximation (see, e.g. Ref. [50] for the details). However, as already mentioned in the vacuum field fluctuations δφ 2 , the high-order adiabatic terms are finite and the divergence terms of the energy momentum tensor originate from the low-order adiabatic approximation
By using the dimensional regularization 8 , The low-order and unphysical divergence 8 The divergent momentum integrals can be simplified as
We can regulate these integrals of the spatial dimensions 3 − 2 as
terms of the energy momentum tensor can be written by
(3.50)
The high-order adiabatic terms of the energy momentum tensor are finite and provide the dynamical contributions on the curved background
(3.51)
Thus, the vacuum expectation values of the energy momentum tensor in curved spacetime can be given by the divergent low-order terms and the finite high-order terms,
The unphysical divergence of the energy momentum tensor can be removed by the subtraction of the bare gravitational coupling constants of the Einstein equations [73] 
Now, we divide the low-order adiabatic terms into the divergent terms and the finite terms as the following
In order to renormalize the divergences of the energy momentum tensor, we divide the bare gravitational couplings G N , ρ Λ , a 1 into the renormalized terms and the counter terms as
The divergences of the energy momentum tensor can be absorbed by the counter terms of the gravitational couplings δG N , δρ Λ , δa 1 as follows:
00 + δa 3 H 00
Therefore, the following conditions of the gravitational counter terms δG N , δρ Λ , δa 1 can be imposed as
60)
Thus, we can obtain the renormalized Einstein's equations as follows
where the renormalized energy momentum tensor is given by
The renormalized finite energy momentum tensor of T 00 finite can be given by
Thus, the renormalized vacuum energy density can be given by the renormalized energy momentum tensor as follows:
where the first parts originating from T 00 finite depend on the renormalization scale, but, the renormalization scale dependence can be canceled by the running gravitational couplings G N , ρ Λ , a 1 in the renormalized Einstein's equations. On the other hand, the second parts originating from T 00 high−order are independent of the renormalization scale and express the dynamical contributions of the curved background as ρ vacuum m 2 H 2 /96π 2 9 . In the matter dominated Universe as a (η) = η 2 /9, the renormalized vacuum energy density can be given by
have been discussed considerably in the literature [18] [19] [20] [21] [43] [44] [45] [46] , but here we discuss and review once again. In particular, by considering the Coulomb effective potential, we clarify the theoretical definition of the renormalization scale under the effective scalar potential. In consequence, we can clearly obtain the physical interpretation of the RG running effects of the cosmological constant, and furthermore, understand that the dynamical vacuum energy corresponds to the vacuum field fluctuations on the curved background rather than the RG running of the cosmological constant. In principle, the vacuum energy density as the ground state of the Universe can be determined by the minimum of the effective potential V eff (φ). Therefore, we revisit the renormalization-scale dependence of the vacuum energy in terms of the effective potential in flat spacetime and curved spacetime. In the framework of QFT, the effective potential is derived from the effective action. Here, the effective action in flat spacetime is defined via the functional Legendre transform
where the source J (x) is written as J (x) = −δΓ [φ] /δφ (x) and the generating function W [J] is defined by the Feynman path integral
where L φ is the classic Lagrangian for the scalar field and φ is the classical scalar field in flat spacetime. For simplicity, we consider the following Lagrangian
The general form of the effective action consists of the standard kinetic term multiplied by the wave-function renormalization factor Z eff [φ], the effective potential V eff (φ) and the higher derivative terms as follows
The one-loop effective potential in flat spacetime is given by 5) where µ is the renormalization scale and ρ Λ is the cosmological constant which depends on the scale µ. However, it is clear that the µ-dependence of the running coupling is exactly canceled via the log-corrections and the effective potential is formally renormalization scale invariant as follows:
Thus, the effective potential satisfies the renormalized group equation (RGE) as
where β λ,m 2 ,ρ Λ (µ) are the β functions of the coupling λ (µ), m 2 (µ), ρ Λ (µ) and γ φ is the γ function of the scalar field φ. Formally, the effective potential is written as the renormalization scale independent form. Therefore, we may consider any value of the renormalization scale µ. Thus, the minimum of the effective potential is also renormalization scale independent and consequently the vacuum energy of the effective potential does not run with any renormalization scale in the Minkowski spacetime. This situation is the same as the renormalized vacuum energy and the scale dependence of the cosmological constant is hidden from the definition of the effective potential.
Next, let us consider the effective potential in curved spacetime [88] [89] [90] [91] [92] . The QFT in curved spacetime, which is the standard extension of QFT from Minkowski spacetime to curved spacetime, describes the quantum effects of the time-dependent gravitational background (see Ref. [93] [94] [95] [96] [97] [98] [99] for the general reviews). For simplicity, we consider the following Lagrangian with the non-minimal coupling ξ as
However, in order to have a renormalizable theory in curved spacetime, we must consider the following gravitational Lagrangian including the high-order derivative as
where κ is the inverse of the Newton's gravitational constant κ = 1/16πG N , a 1 , a 2 , a 3 , a 4 are the gravitational coupling constants, C 2 is the square of the Weyl tensor and E is the Gauss-Bonnet term. Thus, the total Lagrangian is given by
where we add the term a 5 φ 2 to the total Lagrangian L total (see Ref. [97] for the details) and it is well known that the above Lagrangian is renormalizable in curved spacetime. Therefore, we can obtain the effective action and the effective potential in curved spacetime via the total Lagrangian L total . In the same way as the flat spacetime, the effective potential in curved spacetime satisfies the standard RGE as follows
where λ i (µ) = λ (µ) , ξ (µ) , m 2 (µ) , ρ Λ (µ) express coupling constants, β λ i (µ) are the β functions of the coupling λ i (µ) and γ φ is the γ function of the scalar field φ. The one-loop β functions in curved spacetime are given as follows [88, 89] 
(4.12)
where these one-loop β functions corresponds to the logarithmic terms of Eq. (3.65). Therefore, the vacuum energy of the effective potential does not run with any renormalization scale even in curved spacetime, and therefore, we need to clarify the physical interpretation of the RG running effects of the cosmological constant. Now, let us reconsider the physical interpretation of the RG running effects of the cosmological constant by considering the running gauge coupling of quantum electrodynamics (QED). For simplicity, we consider the vacuum polarization diagrams in QED at the electron. The one-loop contribution of the vacuum polarization diagrams Π µν 2 (p 2 ) can be expressed as
where m e is the electron mass and p is the external momentum. By using the dimensional regularization, we obtain the following expression
14) where γ is Euler's constant and is the renormalization parameter which are introduced by the dimensional regularization. Here, we define Π 2 (p 2 ) as the following
We can derive the effective Coulomb potential of the Fourier transform as follows
If we define the gauge coupling e at the low-energy scale p 0 as V eff (p 0 ) = e 2 /p 2 0 and remove the divergence by using the counterterm, we can obtain the effective Coulomb potential as follows On the other hand, the renormalization group equation (RGE) comes from the condition that the effective Coulomb potential is independent of the arbitrary scale p 0 Thus, the renormalization group efficiently gives information about the high-energy scale [47] . The scale independence of the effective potential is theoretical requirement, but the RG running of the coupling constant has definitely physical significance. However, the physical meaning of the RG running is not simple in the case of the effective scalar potential. For simplicity, we consider the one-loop effective potential of massless scalar field theory as follows
where we can simply absorb the factor of −3/2 into the definition of µ and drop this factor for simplicity. Because the renormalization scale µ is arbitrary parameter, the self-coupling constant λ and the scalar field φ must depend on µ, but the effective scalar potential V eff (φ) must be independent on the scale µ. The renormalization group equation (RGE) is derived from the scale independence of V eff (φ) and given by
where the β function of λ and the γ function are defined by
where self-coupling term λ is defined at the scale µ. For convenience, we introduce the variable t ≡ ln (φ/µ) and obtain
Thus, the RGE is transformed as
where we define β λ ≡ β λ / (1 + γ φ ) and γ φ ≡ γ φ / (1 + γ φ ) and we assume the simple form of the effective potential as
Thus, the RGE of F (λ, t) is written as
The solution of the RGE can be given as the following
where the running self-coupling constant λ (t) is defined by
In the one-loop order, we can take β λ = β λ and γ φ = γ φ . Furthermore, there is no wave function renormalization at one-loop order in the scalar field theory, and we can take the γ function as γ φ = 0. Therefore, we obtain the RG improved effective potential as follows:
where we recall t ≡ ln (φ/µ) and the running self-coupling λ (t) is determined by the one-loop β function is given as where the self-coupling λ is defined by the observation at the scale µ and the gauge coupling e is defined by the observation at the momentum p 0 . The renormalization-scale invariance corresponds to the independence of the initial and observational conditions against the formulation of the effective potential. Next, we compare these in the context of the RGE as follows 38) where the running self-coupling λ (φ) depend on the scalar field φ and the running gauge coupling e (p 2 ) depend on the momentum p 2 . It is clear that the scalar field φ corresponds to the momentum p 2 on the effective Coulomb potential, i.e the running coupling on the effective potential actually run by the scalar field φ.
Finally, we consider the one-loop effective potential of the massive scalar field given by Eq. (4.5) in Minkowski spacetime. If we use the running coupling of the RGE, we can obtain the RG improved effective potential as follows
where we introduced the variable as t = ln (m 2 + 3λφ 2 /µ 2 ). In the large field limit (φ m), we can assume t ≈ ln (φ 2 /µ 2 ) and therefore, the running cosmological constant ρ Λ (t) depend on the scalar field φ. Therefore, the quantum vacuum energy density only change by the difference of the scalar field φ in Minkowski spacetime (the case of the curved spacetime is discussed by Ref. [88, 89] ). The RG running effects can be described by the logarithmic terms, and therefore, the running effects of the cosmological constant undoubtedly contribute the vacuum energy density. However, the RG running of the cosmological constant has still some problems, e.g including decoupling effects [100] and does not give a direct proof of the dynamical vacuum energy ρ vacuum m 2 H 2 in literature. However, as previously discussed, the vacuum energy density of ρ vacuum m 2 H 2 can appear as quantum particle production effects of the curved background rather than the RG running of the cosmological constant, and therefore, give a non-negligible impact on the observed Universe.
Conclusion and Summary
The current vacuum energy density observed as dark energy ρ dark 2.5×10 −47 GeV 4 is extremely small and raises serious problems for the theoretical physics. In this work, we have reconsidered the RG running effects of the cosmological constant and investigated the renormalized vacuum energy density in curved spacetime. The RG running effects of the cosmological constant undoubtedly contribute to the vacuum energy density, but there are still some theoretical problems. By adopting the method discussed by Bunch, Birrell and Davies [48] [49] [50] , however, we have shown that the dynamical vacuum energy density described by ρ vacuum m 2 H 2 appears as quantum particle production effects in the curved background rather than the RG running effects of cosmological constant. This dynamical vacuum energy corresponds to the vacuum field fluctuation (A.1)
